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Abstract 
We propose a model‐independent method to account for the early exercise premiums in American options 
on non‐dividend paying stocks. We find that our estimates of early exercise premium are generally larger 
than the estimates by existing methods. Given the American options on the Exchange‐Traded Funds 
(ETFs) of gold, silver, natural gas, and crude oil, we find strong empirical evidence of variance risk 
premiums for these commodities, over a volatility term structure up to 18 months. Furthermore, we show 
that volatility indexes constructed by using existing methods tend to overestimate the risk‐neutral 
variance, and consequently the magnitude of variance risk premium. 
 
 
1 INTRODUCTION 
Volatility is a widely used gauge in the financial market to convey information about the extent of 
fluctuation in the asset return. Even when the underlying asset prices remain largely unchanged, option 
prices can increase whenever market participants perceive future volatility to rise, and vice versa. In this 
sense, option traders are short‐term volatility forecasters, supplying the market with their views on the 
expected volatility for the period from the current business day up to the option expiry date. Volatility can 
also be viewed as a market risk indicator, since stock return and the return’s volatility are known to be 
negatively correlated (see Black, 1976). In addition, investors’ and traders’ fear of a market crash is 
reflected in their willingness to insure against volatility risk, which in turn is manifested in the observed 
variance risk premiums (see Aït‐Sahalia, Karaman, & Mancini, 2013).  
A significant development in volatility estimation is the model‐free approach. Instead of explicitly using 
an option pricing formula, the model‐free method pioneered by Bakshi and Madan (2000), Carr and 
Madan (1998), and Derman, Demeterfi, Kamal, and Zou (1999) does not require an option pricing model 
to be explicitly specified. Different approaches to the derivation of the model‐free method and its 
application in the equity market have been further expounded by Andersen and Bondarenko (2007), 
Britten‐Jones and Neuberger (2000), Carr and Wu (2006), and Carr and Wu (2009), to name a few. The 
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main advantage of the model‐free method is that it is unaffected by model risks, since it relies solely on 
the general principle of no risk‐free arbitrage profit opportunity. Jiang and Tian (2005) show that the 
model‐free volatility subsumes all information contained in the Black–Scholes implied volatility.  
With the creation of the CBOE VIX index (see CBOE, 2009) and the subsequent successful introductions 
of volatility derivatives, taking a direct exposure in volatility as an asset class has become more prevalent. 
This is an important development, as Szado (2009) has shown that although a long position in volatility 
may result in negative returns in the long term, it may nevertheless provide significant protection during 
downturns. In a similar vein, Black (2006) and Dash and Moran (2005) argue that due to the negative 
correlation between VIX and S&P 500 index, adding a small VIX position to an investment portfolio can 
significantly reduce portfolio volatility.  
The 2007–2009 crisis has highlighted the need for market indicators to measure the risk aversion of 
market participants across different asset classes. It has also become increasingly clear that changes in 
risk appetites are an important determinant of asset prices. Indeed, the model‐free volatility methodology 
has been applied to commodities. For instance, the presence of variance risk premiums in commodity 
markets has been studied for crude oil and natural gas (see Trolle & Schwartz, 2010), and corn (see 
Wang, Fausti, & Qasmi, 2011). Pan and Kang (2011) analyze the variance risk premium and related 
issues in the energy market. Kang and Pan (2015) use a mean‐variance model with stochastic variance in 
commodity market to show the negative relationship between the variance risk premium and expected 
commodity futures return.  
Notably, Prokopczuk and Wese Simen (2013) perform an empirical analysis on the variance risk 
premiums for 21 commodities over more than two decades, demonstrating that a portfolio of short 
commodity variance swaps significantly outperforms that of long commodity futures. In Prokopczuk and 
Wese Simen (2014)  the model‐free volatility methodology is the main tool used to analyze the variance 
risk premium in the commodity market. They find compelling evidence that the model‐free method 
outperforms other models in terms of minimizing bias. An important observation is that accounting for 
the variance risk premium results in superior volatility forecasting performance.  
The ability to transact financial products based on volatility indexes will enable investors to not only 
manage volatility risk but also trade volatility spreads, as discussed in Bakshi and Madan (2006), and also 
in Carr and Lee (2009). Whaley (1993) argues that volatility derivatives are useful in providing a simple, 
cost‐effective means to hedge the volatility of portfolios that contain options or securities with option‐like 
features for any type of asset class.  
The rapid expansion in the commodity market, along with the increased participation by hedge funds, has 
drastically increased volatility in this asset class (see, for instance, Brooks, Prokopczuk, & Wu, 2015). 
Heightened risks in the gold and crude oil markets put the spotlight on the need for more effective tools to 
manage volatilities, or to seize the alpha‐generating opportunities presented by those big swings. 
Following the research papers reviewed earlier, we formulate a model‐free approach to construct the 
volatility indexes for the commodity Exchange‐Traded Funds (ETFs), as the current studies of variance 
risk premiums in commodity markets tend to use futures on options for empirical analysis.  
A key problem that impedes the direct application of the model‐free approach is the need to adjust for the 
early exercise premiums in the American options, since the method is only applicable to European 
options. This adjustment is typically performed by applying an option pricing model, which inevitably 
introduces model dependency and risk to an otherwise model‐free approach. For instance, commonly 
used methods to adjust for early exercise premiums include the binomial tree model (see Cox, Ross, & 
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Rubinstein, 1979) and an analytical approximation method (see Barone‐Adesi & Whaley, 1987), both of 
which are related to or based on the Black–Scholes option pricing model (Black & Scholes, 1973).  
One may wonder whether the early exercise premium matters at all, since the options needed for the 
calculation are mostly out of the money. In dollar terms, the early exercise premium of out‐of‐the‐money 
options should be small, as these option prices themselves are small. A follow‐up question is that even if 
the early exercise premium does matter, will the different methods used to account for early exercise 
premiums introduce statistically and economically significant bias in the computation of model‐free 
volatility? If the answers to both questions are affirmative, it follows as a consequence that the estimation 
of variance risk premium will be biased as well. 
Motivated by these considerations, we propose a model‐independent adjustment method to construct the 
volatility indexes for four commodity ETFs from their respective American options. The method only 
relies on the put‐call parity to account for the early excise premium. A main finding is that early exercise 
premium does matter. More importantly, compared to the same benchmark, we find that two model‐
dependent adjustment methods, which are commonly applied in the industry and in academic research, 
tend to produce a model‐free volatility larger than that with our proposed model‐independent adjustment 
method. Moreover, the upward bias is especially pronounced for long‐dated portion of the volatility term 
structure. This finding has a direct impact on the magnitude of variance risk premium. 
The paper is organized as follows: Section 2 provides a brief overview of the data used in this work, while 
Section 3 describes the model‐free formulation and how early exercise premiums are handled. Empirical 
analyses are presented in Section 4, including the profit and loss (P&L) of hypothetical variance swaps. 
Finally, conclusions are drawn in Section 5.  
 
2 DATA 
The option and security data sets we use are obtained from OptionMetrics’ Ivy DB, a database widely 
used by researchers. Historical daily data for U.S. listed equities and all U.S. listed index and equity 
options from January 1996 onward are in the database. Included also are the historical zero‐coupon 
interest rate curves, as well as adjustment factors for stock splits and other distributions. 
The average option volume, the average number of put and call strike prices per maturity, and the average 
open interest tabulated in Table I are indicative of the option liquidity. Although the start date of option 
trading differs from one ETF to the other, the sample period for our empirical analysis ends on August 30, 
2013, due to data availability.  
Commodity ETFs contain important information about the volatility of this asset class (see 
Padungsaksawasdi & Daigler, 2014). The gold and silver ETFs with ticker symbols GLD and SLV, 
respectively, are physically backed by gold bullion and silver bars. On the other hand, the crude oil and 
natural gas ETFs (USO and UNG, respectively), are based on the futures contracts on the respective spot 
commodities. The United States Oil Fund is an exchange‐traded security designed to track changes in 
crude oil prices. By holding near‐term futures contracts and cash, the performance of the USO Fund is 
intended to reflect the spot price of West Texas Intermediate light sweet crude oil as closely as possible, 
less the fund expenses. Under the same ETF investment company, the United States Natural Gas Fund 
(UNG) is designed to track the performance of the spot natural gas delivered at the Henry Hub through its 
short‐term futures, after fund expenses.  
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Table I. Summary Statistics for Commodity ETFs and Their Options  
   Market Average Option Average Average Average 
Ticker ETF Average Capitalization ETF Start 
Number 
of 
Option Option 
Symbol Name 
Price 
($) 
($ 1,000) Volume Date Strikes Volume Interest 
GLD 
SPDR Gold 
ETF 
101.32 41,261,030 10,870,886 June 3, 2008 72.2 141,952 214,169 
SLV 
iShares 
Silver ETF 
20.61 7,985,710 14,061,008 December 8, 
2008 
38.4 87,014 295,112 
UNG 
U.S. Natural 
Gas 
128.37 962,016 3,687,879 May 9, 2007 33.4 20,832 76,610 
USO U.S. Oil ETF 47.27 938,912 9,595,473 May 9, 2007 46.4 45,435 149,401 
Note. We use OptionMetrics’ Ivy DB in our empirical analysis. The start date is historically the first day when 
the ETF option chain is found in the database. The end date, August 30, 2013, is common to all the four 
commodity ETF options. Option volume and open interest shown here are daily averages; so is the number of 
strikes across the chain of options of all maturities. OptionMetrics also includes data of the underlying ETFs. 
The average price is the price obtained from taking the average of split‐adjusted prices that fall within the 
sample period.  
The market capitalization at the end of the sample period (i.e., August 30, 2013) for SPDR Gold ETF is 
about 41 billion dollars, and for iShares Silver ETF, it is about 8 billion dollars. For non‐physical, 
leveraged United States Natural Gas and Oil ETFs, their market capitalizations are less than one billion 
dollars. 
Finally, a remark on the sample periods of our data is in order. Compared to options on commodity 
futures, options on commodity ETFs have a much shorter history. Nevertheless, given the rising 
popularity of ETFs in general and CBOE’s volatility indexes based on commodity ETFs in particular, 
there are reasons to believe that it is also important to look into the variance risk premiums in commodity 
ETFs. 
 
3 MODEL‐FREE FRAMEWORK 
The main constraint of the model‐free approach is its applicability to European style options only. 
Incidentally, options on the underlying equity indexes such as the S&P 500 index, Nasdaq‐100 index, 
Euro STOXX 50 index, and Nikkei 225 index, just to name a few, happen to be European style. However, 
the vast majority (if not all) of the exchange‐traded equity and ETF options are American style. For 
instance, the “Oil VIX” (OVX), the “Gold VIX” (GVZ), and the “Sliver VIX” (VXSLV) are calculated 
from the American option quotes of the underlying commodity ETFs. 
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In principle, the early exercise premiums in the American options will bring about an upward bias to the 
model‐free volatility. This bias is undesirable, as overpricing the volatility indexes could hinder the 
development of a liquid market for the derivatives on commodity volatilities. Therefore, before 
computing the model‐free volatility from American options, it is crucial to adjust for the early exercise 
premiums. In the following, we propose a put‐call parity method to account for the early exercise 
premiums of American options on non‐dividend paying stocks without using an option pricing model. 
3.1 Put‐Call Parity and Early Exercise Premiums 
Suppose the underlying asset does not pay a dividend from time 0 to time T. Then, it is never optimal to 
exercise American calls C(X, T)early. Consequently, the early exercise premiums for American calls are all 
zero, and C(X, T) = c(X, T), where c(X, T) is the European call price. For American puts, it is sometimes 
optimal to exercise early when they are sufficiently in the money, and hence, early exercise premiums are 
never zero.  
By definition, the early exercise premium E(X, T) is the difference in price between an American put 
option P(X, T) and an otherwise identical European put option p(X, T). In other words,  
p(X, T) = P(X, T) - E(X, T). Given the spot price S0 and the risk‐free interest rate r of tenor T at time 0, the 
put‐call parity is expressed as  
 
Since the only unknown in this equation is the early exercise premium E(X, T), we can express it as  
   (1) 
In this way, a simple rearrangement of the put‐call parity allows us to back out the early exercise 
premium. Since the put‐call parity is derived from the principle of no risk‐free arbitrage profit, the early 
exercise premium in Equation 1 has no dependence on any option pricing model. Commonly used 
valuation models of American options such as Geske and Roll (1984), Cox, Ross, and Rubinstein (1979),  
Detemple and Tian (2002), Barone‐Adesi and Whaley (1987), Johnson (1983), and Nunes (2009), to 
name a few, are not involved at all.  
The put‐call parity approach has been explored by Brenner and Galai (1986) and Zivney (1991) to 
estimate, respectively, the implied interest rate and the implied early exercise premium. Brenner and 
Galai (1986) find that, in general, the implied interest rate tracks the trends in market rate, despite the 
possibility that early exercise premiums could cause the implied interest rate to deviate from the observed 
rate. Zivney (1991) uses the implied interest rates of Brenner and Galai (1986) to estimate the net value of 
early exercise for a pair of put and call options. Zivney (1991) concludes that the exercise premiums in 
options on S&P 100 index are more substantial than what existing literature has suggested. Interestingly, 
in the setting of model‐free volatility, the empirical results documented in the subsequent sections are 
qualitatively consistent with Zivney (1991)’s conclusion. Nonetheless, a difference of Equation 1 from 
these two works is that the notion of implied interest rate is not needed.  
Notice that the inputs to the early exercise premium in Equation 1 are all observable prices in the stock 
market, interest rate market, and the option market. Hence, it is a model‐independent formula, which is a 
departure from Carr and Wu (2009), Driessen, Maenhout, and Vilkov (2009)  Prokopczuk and Wese 
Simen (2013), and Trolle and Schwartz (2010), among others. In these papers, early exercise premium is 
adjusted by essentially the Black–Scholes option pricing model, either implemented as an analytical 
approximation (Barone‐Adesi & Whaley, 1987), or using the binomial tree method (Cox, Ross, & 
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Rubinstein, 1979). The drawback, however, is that Equation 1 becomes inapplicable whenever the 
dividend ex‐date is before the option expiry date T, i.e., . This is not an issue for non‐
dividend paying stocks, which is the case for the four ETFs examined in this paper.  
 
3.2 Model‐Free Volatility Index 
An implied volatility method is truly model‐free if, at every stage of the calculation, models for pricing 
options are not required at all. In the model‐free approach, the implied model‐free volatility is directly 
computed from the continuum of European options of the same underlying asset and time to maturity T. 
However, if any interpolation is performed on the Black–Scholes implied volatility, model dependence 
could still be inadvertently introduced. Furthermore, direct interpolation in the implied volatility space is 
not guaranteed to be arbitrage‐free. In this section, we outline a model‐free approach that interpolates 
directly in the price space with no‐arbitrage conditions.  
Given the observed option prices, the model‐free formula for computing the implied variance is the 
sum of two integrals over the strike price X:  
    (2) 
Here, is the forward price of the underlying asset valued at time 0. For commodity ETFs that do not pay 
dividends and other benefits, the forward price is simply .  
Equation 2 is generic and assumes only the existence of a unique risk‐neutral probability measure when 
taking the expectation of the option payoff on the expiration date. It is risk‐neutral in the sense that 
market makers can afford to be indifferent to the risk accompanying a plain vanilla option because its 
payoff can be replicated and hedged whenever the option is fairly valued under the risk‐neutral 
framework where there is no risk‐free arbitrage opportunity.  
It is important to note that evaluating the integrals in Equation 2 is a non‐trivial task, given that in theory 
we need the full continuum of option prices spanning all positive real numbers. Yet, the market provides 
firm quotes for a small number of options at discrete strikes. To ensure that no option pricing model is 
utilized at all stages of the construction process, we follow Lim and Ting (2013) to interpolate the discrete 
strike prices into a continuum, in such a way that no risk‐free arbitrage opportunities will arise. More 
details of the interpolation algorithm based on cubic spline in the price space can be found in 
Appendix A.  
As an example, Figure 1 shows the results of spline fitting the end‐of‐day mid‐quotes of options on UNG 
ETF, chosen because their liquidity is the lowest among the four commodity option contracts to 
demonstrate the robustness of the interpolation procedures. The left panel contains options maturing in 22 
days’ time from August 30, 2013, which is the last day of our sample period. The right panel shows the 
spline fitting results for UNG ETF’s options with 50 days to maturity. Notice that the generated price 
curves do not pass through the observed midquotes exactly, because they must satisfy the three specific 
conditions required by the principle of no risk‐free arbitrage opportunities.  
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Figure 1 Interpolation by Cubic Splines 
Note. The four price curves are obtained from the American options on the natural gas ETF (UNG), plotted with 
respect to the strike price. The early exercise premiums in the observed option midquotes (indicated by circles) on 
August 30, 2013 have been eliminated by the put‐call parity method. The top plot is for put (red) and call (blue) 
options expiring in 22 days, and the bottom plot is for options expiring in 50 days. All the prices are in dollars.  
 
3.3 Commodity Volatility Indexes 
To obtain the annualized volatility index for a fixed time horizon or constant maturity T, we interpolate 
the model‐free variances and  with , where is strictly smaller than . At time 0, 
following the standard practice (see CBOE, 2009), the model‐free volatility index is obtained by linear 
interpolation as follows:  
    (3) 
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The Actual/365 day‐count convention is used to annualize the variance, since the expiration of the 
American option is based on the calendar date, which includes Saturday and Sunday.  
As an illustration, based on the UNG ETF example in Figure 1, we have  and . 
We obtain from Equation A.1 that  and . For 30‐day constant maturity, i.e., 
, applying Equation 3 results in a model‐free natural gas volatility index of 22.49% for 
August 30, 2013.  
Figure 2 plots eight time series of ETF’s prices and the constructed volatility index values for 30‐day 
constant maturity. Note that each volatility index tends to move in the direction opposite to its underlying 
ETF’s price movement. This anti‐correlation is a standard characteristic of volatility indexes. For 
instance, it is commonly observed that whenever the market is in crisis, VIX tends to register abnormally 
high values. The reference to VIX as a “fear gauge” has become a common practice among analysts and 
journalists.  
 
Figure 2 Model‐Free Volatilities and Underlying Commodity ETFs 
Note. The split‐adjusted prices of the underlying ETFs in dollars (blue) are plotted in conjunction with the 
annualized volatility indexes in percent (black) we have constructed. The shaded period corresponds to the time 
when United States was in recession.  
Our commodity volatility indexes also exhibit this feature. For example, when the UNG ETF price is at 
its peak, the natural gas volatility index is in the valley. In particular, after the UNG ETF hit the historical 
high of (reverse stock split adjusted) 507.84 per share on July1, 2008, a sharp decline ensued. Meanwhile, 
the UNG volatility index experienced a rapid incline upward from the level of about 30–40 percentage 
points to the range of 60–70 percentage points. When the UNGETF sank below 75 per share for the very 
first time on September 3, 2009, the UNG volatility index reached the record high of about 85%. 
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The negative correlation between the volatility indexes and the underlying ETFs quantifies the degree of 
predictability in their co‐ or counter‐movements. The correlations estimated from daily returns are 
tabulated in Table II. These estimates are statistically different from zero at the 5% level of significance. 
As a reference, the correlation between the daily return on VIX and that on the S&P 500 index is -76.15% 
over our sample period (May 9, 2007 through August 30, 2013). Although the correlation estimates are 
not as negative compared to VIX’s correlation with the S&P 500 index, our four commodity volatility 
indexes nonetheless exhibit the “fear gauge” feature, particularly during the 2008–2009 recession.  
Table II. Correlation Table  
Underlying ETF Gold Silver Natural Gas Oil 
Volatility Index GLD SLV UNG USO 
Correlation -21.35% -32.44% -15.56% -40.25 
Note. Correlation between the simple return on the volatility index and the underlying ETF’s simple return.  
 
4 EMPIRICAL ANALYSES 
Using the options on four commodity ETFs from OptionMetrics (see Section 2), we perform adjustments 
of early exercise premiums, compute model‐free volatilities, and estimate the variance risk premiums.  
 
4.1 Comparison of Methods to Account for Early Exercise Premiums 
As discussed in the previous section, applications of the model‐free volatility methodology to underlying 
assets where the options traded are American style need to first address the issue of how early exercise 
premiums are to be adjusted. Carr and Wu (2009), Driessen, Maenhout, and Vilkov (2009)  Prokopczuk 
and Wese Simen (2013), and Trolle and Schwartz (2010), take this into consideration using either the 
binomial tree model of Cox, Ross, and Rubinstein (1979)2 or the approximation of Barone‐Adesi and 
Whaley (1987). The binomial tree is essentially a finite‐time discretization of the Black and Scholes 
(1973) model, while the Barone‐Adesi and Whaley (BAW) method is an analytical approximation relying 
on the pricing formulas of Black and Scholes (1973). In contrast, a salient feature of our put‐call parity 
method (Equation 1) is zero dependence on any option pricing model. This feature preserves the model‐
free quality of Equation 2.  
To examine the sensitivity and impact of early exercise premium on the model‐free volatility, we need to 
have a common benchmark for the three early exercise premium adjustment methods on the same basis 
for meaningful comparison. To this end, we first calculate the model‐free volatility indexes by treating the 
American options as European, ignoring the need to subtract the early exercise premiums. We then 
recalculate the model‐free volatility indexes using each of the following methods to account for the early 
exercise premium:  
                                                            
2 The binomial tree model is also used by OptionMetrics. 
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1. Put‐call parity method proposed in this paper. 
2. Binomial tree model. 
3. Barone‐Adesi and Whaley (BAW) approximation. 
The objective of this analysis is to determine whether the early exercise premium adjustment yields 
statistically and economically significant differences in the volatility indexes. If the early exercise 
premium does play a vital role, the model‐free volatility computed without adjustment for the early 
exercise premium should be economically larger. Apart from the early exercise premium adjustment 
methods, all the model‐free volatility calculations are based on the same methodology described in this 
paper, so that any numerical differences are attributed solely to the difference in the treatment of early 
exercise premiums. We carry out this analysis across maturity to identify potential variation along the 
term structure of volatilities. 
For each commodity ETF and for each option maturity T, we compute the difference of annualized 
volatilities in percentage points:  
     (4) 
Here, is the model‐free volatility without adjustment for the early exercise premium, which serves as 
the benchmark for comparing the three methods that account for the early exercise premium. The model‐
free volatility with adjustment is denoted by , where a is either the put‐call parity method, the 
binomial tree model, or the Barone‐Adesi and Whaley approximation.  
The implied volatility is the parameter of the binomial tree that will match the market price of the 
American option. The early exercise premium can be readily quantified once the matching implied 
volatility is obtained. Likewise, the BAW approximation uses the implied volatility as a parameter to 
iteratively search for a value such that the option price generated matches the American option price 
observed in the market. By contrast, the put‐call parity method is a straightforward calculation, which 
does not involve an iterative search with an option pricing model. 
It is important to point out that when using the binomial tree model, occasionally the implied volatility 
required to match the observed option price cannot be calculated. This could happen for instance when 
the midpoint of the bid and ask prices falls below the intrinsic value, or when the iterative implied 
volatility search procedure fails to converge. The BAW approximation method may also experience no 
convergence at times. When either the binomial tree or the BAW approximation does not attain 
convergence, calculated for the model‐free variance based on the put‐call‐parity method is omitted in 
the comparison. Otherwise, there will be more values for the put‐call‐parity method, and the 
comparison with the binomial tree and the BAW approximation cannot be performed on an equal footing.  
Given the restrictions from the binomial tree and the BAW approximation, we group by maturity of 
, , , , and then compute the average difference. 
We limit T to be less than 540 days to maturity. This is due to the fact that options of maturities longer 
than one and a half years do not have sufficient sample size for obtaining a reliable average. Moreover, 
liquidity for options of long maturities is typically low and the spread between bid and ask prices is large.  
The summary statistics for the volatility differences are presented in Table III. For each grouped maturity, 
the null hypothesis is that and the alternative hypothesis is that . The comparison 
results for gold (Panel A: GLD), silver (Panel B: SLV), natural gas (Panel C: UNG), and crude oil (Panel 
D: USO) are presented. Overall we find that the volatility differences are statistically significant for these 
four commodity ETFs. Given that the null hypothesis is not valid, we have evidence to suggest that early 
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exercise premium adjustment plays an important role in the calculation of model‐free volatility when the 
options are American style. Without accounting for it, an upward bias will be present in the calculation of 
model‐free volatilities.  
Table III. Comparison of Model‐Free Volatility Indices  
  Put‐Call Parity Binomial Tree 
Barone‐Adesi and 
Whaley 
Days to 
Maturity 
Number of 
Estimates   
std t stat  
  
std t stat  
  
std t stat  
Panel A: Gold ETF (GLD) 
 
1935 20.73 0.6186 1.0272 26.49 21.52 0.1084 0.5684 8.39 21.51 0.1071 0.5669 8.31 
 
1698 21.98 0.6205 0.7992 31.99 22.65 0.0766 0.5321 5.93 22.65 0.0755 0.5318 5.85 
 
1521 22.66 0.6180 0.6046 39.86 23.31 0.0713 0.2850 9.76 23.31 0.0692 0.2806 9.62 
 
1221 22.15 0.5454 0.5368 35.51 22.69 0.0633 0.2491 8.88 22.70 0.0619 0.2490 8.69 
 
908 22.86 0.5344 0.5832 27.61 23.35 0.0613 0.3306 5.59 23.35 0.0601 0.3295 5.49 
 
846 23.16 0.4819 0.4748 29.52 23.63 0.0388 0.2361 4.78 23.63 0.0384 0.2362 4.73 
 
790 23.72 0.4761 0.4962 26.97 24.17 0.0492 0.1801 7.68 24.17 0.0481 0.1800 7.51 
 
859 23.84 0.5212 0.4806 31.79 24.31 0.0612 0.1963 9.14 24.31 0.0609 0.1967 9.07 
 
816 23.86 0.4659 0.4642 28.67 24.28 0.0644 0.2057 8.94 24.28 0.0643 0.2058 8.92 
 
677 23.00 0.4254 0.4387 25.23 23.37 0.0538 0.1929 7.26 23.37 0.0539 0.1929 7.28 
 
724 23.23 0.4713 0.5218 24.31 23.64 0.0604 0.2039 7.97 23.64 0.0608 0.2045 8.00 
 
707 23.53 0.4746 1.1385 11.08 23.90 0.0871 1.0962 2.11 23.90 0.0874 1.0962 2.12 
 
369 24.36 0.5706 0.4892 22.40 24.85 0.0712 0.2718 5.03 24.84 0.0718 0.2727 5.06 
 
168 26.48 0.6171 0.4546 17.59 27.04 0.0545 0.1245 5.67 27.04 0.0582 0.1307 5.78 
 
131 27.92 0.6365 0.5085 14.33 28.47 0.0848 0.1598 6.07 28.46 0.0926 0.1685 6.29 
 
131 29.34 0.5524 0.4398 14.38 29.85 0.0554 0.0682 9.29 29.84 0.0631 0.0803 9.00 
 
126 27.93 0.6780 0.5426 14.03 28.55 0.0601 0.0800 8.43 28.54 0.0674 0.0870 8.70 
 
147 26.43 0.7941 0.6014 16.01 27.10 0.1204 0.1839 7.94 27.09 0.1295 0.1909 8.22 
 
13,774 22.90 0.5511 0.6966 92.85 23.45 0.0711 0.4254 19.61 23.45 0.0706 0.4248 19.51 
Panel B: Silver ETF (SLV) 
12 
 
  Put‐Call Parity Binomial Tree 
Barone‐Adesi and 
Whaley 
Days to 
Maturity 
Number of 
Estimates   
std t stat  
 
 
std t stat  
 
 
std t stat  
 
1532 36.63 2.4268 3.8516 24.66 35.44 3.7278 5.0259 29.03 35.44 3.7265 5.0243 29.03 
 
1273 37.43 2.1373 2.6729 28.53 37.53 2.1606 3.1264 24.66 37.54 2.1589 3.1256 24.64 
 
771 37.10 1.9411 2.1499 25.07 37.91 1.2617 1.8683 18.75 37.92 1.2593 1.8685 18.71 
 
728 37.35 1.8509 2.3624 21.14 38.18 1.1051 2.1780 13.69 38.19 1.1024 2.1782 13.66 
 
436 38.07 1.6076 1.4562 23.05 39.03 0.8879 1.0962 16.91 39.03 0.8861 1.0961 16.88 
 
428 37.70 1.4262 1.2359 23.87 38.60 0.6936 1.0256 13.99 38.60 0.6920 1.0256 13.96 
 
379 38.41 1.2416 1.6796 14.39 39.16 0.5840 0.7798 14.58 39.16 0.5818 0.7804 14.51 
 
410 38.09 1.3096 1.1555 22.95 39.06 0.4388 0.7739 11.48 39.06 0.4382 0.7743 11.46 
 
263 36.89 1.4495 1.2809 18.35 38.08 0.2931 0.4655 10.21 38.08 0.2924 0.4659 10.18 
 
238 37.28 1.4380 1.2022 18.45 38.54 0.1739 0.3163 8.48 38.54 0.1741 0.3181 8.44 
 
141 37.35 1.5518 1.2635 14.58 38.84 0.1762 0.3362 6.23 38.83 0.1779 0.3360 6.29 
 
109 36.21 1.2003 1.1451 10.94 37.27 0.1520 0.2415 6.57 37.26 0.1529 0.2418 6.60 
 
100 36.94 1.2557 1.3035 9.63 38.03 0.2150 0.3774 5.70 38.02 0.2182 0.3772 5.78 
 
97 39.03 1.6441 1.4663 11.04 40.51 0.2130 0.3783 5.55 40.51 0.2145 0.3792 5.57 
 
101 40.04 1.5642 1.2649 12.43 41.48 0.2252 0.3880 5.83 41.48 0.2293 0.3878 5.94 
 
109 41.24 1.9607 1.3573 15.08 42.87 0.5219 0.8170 6.67 42.87 0.5273 0.8170 6.74 
 
106 40.84 1.6723 1.4710 11.70 42.03 0.4287 0.5331 8.28 42.03 0.4324 0.5335 8.35 
 
126 39.58 1.5696 1.4655 12.02 40.55 0.5576 0.7114 8.80 40.55 0.5627 0.7120 8.87 
 
7347 37.51 1.8656 2.5066 63.79 37.89 1.5954 3.0989 44.13 37.89 1.5943 3.0980 44.11 
Panel C: Natural Gas ETF (UNG) 
 
926 45.86 3.4258 5.1764 20.14 45.19 4.3989 5.8875 22.74 45.19 4.3988 5.8895 22.73 
 
1377 46.40 2.0768 2.9768 25.89 46.21 2.4487 3.3242 27.34 46.21 2.4486 3.3253 27.32 
 
579 45.73 2.2414 2.9076 18.55 45.49 2.4645 3.6649 16.18 45.48 2.4740 3.6777 16.19 
 
525 45.08 2.3169 3.9778 13.35 45.31 2.0443 3.9174 11.96 45.31 2.0439 3.9165 11.96 
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  Put‐Call Parity Binomial Tree 
Barone‐Adesi and 
Whaley 
Days to 
Maturity 
Number of 
Estimates   
std t stat  
 
 
std t stat  
 
 
std t stat  
 
544 45.96 2.0246 2.4163 19.54 46.42 1.5892 2.7138 13.66 46.42 1.5905 2.7135 13.67 
 
547 45.28 1.9402 2.2608 20.07 45.61 1.5803 2.4852 14.87 45.62 1.5780 2.4838 14.86 
 
476 44.59 2.2884 2.8026 17.81 45.26 1.5614 2.7290 12.48 45.26 1.5650 2.7268 12.52 
 
522 44.58 2.1949 2.4998 20.06 45.35 1.3681 2.5961 12.04 45.34 1.3721 2.5941 12.08 
 
142 44.38 2.5960 2.6768 11.56 45.38 1.4564 2.3592 7.36 45.38 1.4584 2.3574 7.37 
 
80 41.68 2.1431 2.1979 8.72 42.55 1.1769 1.0395 10.13 42.55 1.1765 1.0390 10.13 
 
82 39.86 1.7372 2.2700 6.93 40.31 1.3286 1.5432 7.80 40.32 1.3238 1.5419 7.77 
 
82 41.54 1.9589 2.1093 8.41 41.04 2.3165 1.7517 11.97 41.04 2.3147 1.7547 11.95 
 
79 40.65 1.4594 1.9604 6.62 40.76 1.3149 1.1483 10.18 40.77 1.3083 1.1500 10.11 
 
78 41.22 1.4860 1.9919 6.59 41.72 1.0503 1.0410 8.91 41.72 1.0512 1.0405 8.92 
 
82 42.42 1.7640 2.5094 6.37 42.95 0.9533 0.9531 9.06 42.95 0.9550 0.9525 9.08 
 
88 42.16 2.3511 2.4814 8.89 43.12 1.0141 0.9347 10.18 43.11 1.0166 0.9360 10.19 
 
85 43.96 2.8328 2.8181 9.27 45.62 0.9287 0.8554 10.01 45.62 0.9303 0.8559 10.02 
 
105 42.70 2.5946 3.0826 8.62 43.96 1.1651 1.4369 8.31 43.95 1.1693 1.4356 8.35 
 
6399 45.15 2.3258 3.3113 56.19 45.29 2.2326 3.6638 48.74 45.29 2.2339 3.6652 48.75 
Panel D: Crude Oil ETF (USO) 
 
1469 35.61 2.2368 3.6300 23.62 36.85 1.3971 3.6547 14.65 36.85 1.3959 3.6551 14.64 
 
1591 36.24 2.0718 1.8065 45.74 37.87 0.4987 1.3400 14.84 37.87 0.4972 1.3402 14.80 
 
943 34.71 2.1229 1.3632 47.82 36.63 0.3157 0.6882 14.09 36.63 0.3150 0.6882 14.06 
 
857 33.50 2.3755 1.4496 47.97 35.71 0.2494 0.4346 16.80 35.71 0.2492 0.4341 16.81 
 
605 35.51 2.4383 1.7833 33.63 37.73 0.2446 0.6734 8.93 37.73 0.2467 0.6726 9.02 
 
590 35.04 2.4516 1.7160 34.70 37.24 0.2106 0.4201 12.18 37.23 0.2139 0.4193 12.39 
 
515 34.89 2.5587 1.6851 34.46 37.15 0.2115 0.4916 9.76 37.14 0.2169 0.4914 10.02 
 
566 34.76 2.4466 1.7357 33.53 36.93 0.2284 0.5880 9.24 36.92 0.2345 0.5901 9.45 
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  Put‐Call Parity Binomial Tree 
Barone‐Adesi and 
Whaley 
Days to 
Maturity 
Number of 
Estimates   
std t stat  
 
 
std t stat  
 
 
std t stat  
 
318 31.27 2.5282 1.6519 27.29 33.50 0.2231 0.3155 12.61 33.49 0.2253 0.3158 12.72 
 
260 32.18 2.5354 1.7516 23.34 34.42 0.2561 0.6811 6.06 34.42 0.2585 0.6842 6.09 
 
124 35.02 2.2831 2.6411 9.63 37.07 0.2831 0.6862 4.59 37.07 0.2863 0.6867 4.64 
 
104 35.61 1.6873 1.3852 12.42 37.31 0.0912 0.1900 4.90 37.31 0.0919 0.1885 4.97 
 
98 37.81 1.9864 1.6022 12.27 39.57 0.4147 1.3164 3.12 39.57 0.4172 1.3172 3.14 
 
97 39.53 2.2059 1.3100 16.58 41.64 0.1315 0.3278 3.95 41.63 0.1393 0.3292 4.17 
 
104 37.80 2.4890 1.6667 15.23 40.43 0.0497 0.0687 7.39 40.42 0.0562 0.0774 7.40 
 
110 37.45 2.6577 2.1996 12.67 39.98 0.1159 0.2130 5.71 39.97 0.1251 0.2200 5.96 
 
105 35.90 2.6957 2.5188 10.97 38.35 0.2486 0.6726 3.79 38.34 0.2617 0.6812 3.94 
 
126 33.75 3.1846 2.9540 12.10 36.77 0.1712 0.2938 6.54 36.75 0.1857 0.3041 6.85 
 
8582 35.09 2.3083 2.1859 97.83 37.01 0.4858 1.7339 25.95 37.01 0.4872 1.7337 26.03 
Note. This table compares the adjustment of early exercise premiums the put‐call parity method, the binomial 
tree, and the Barone‐Adesi Whaley analytical approximation method. For each method, the mean volatility 
index value in percentage points across the sample period is reported in the first column for each grouped 
maturity. Without early exercise premium adjustment and with adjustment is . The average 
difference and the standard deviation of this difference (std) are also in percentage points. The t statistics 
(t stat) are computed on the null hypothesis that .  
The statistics in Table III for the binomial tree model and for the Barone‐Adesi and Whaley 
approximation are very close to each other by comparison. This finding should be intuitive, since these 
two option pricing methods are based on or related to the Black–Scholes model. Interestingly, with the 
exception of gold ETF, tends to be larger for short maturities than for long maturities when these two 
methods are applied to account for the early exercise premiums. By contrast, the average volatility 
difference for the put‐call parity approach is fairly constant across maturities. The differences are not only 
statistically more significant (larger t statistics), but also economically significant. As an example, for the 
GLD volatility index calculated using the put‐call parity approach, the overall average difference is about 
0.55 percentage points. By contrast, the corresponding averages for the binomial tree and the BAW model 
are only 0.07 percentage points, which are not economically significant. The former is about 2.41% of the 
average model‐free volatility of 22.90 percentage points, while the latter is a mere 0.30% of the average 
model‐free volatility of 23.45 percentage points.  
It is also worth highlighting that the mean volatility difference is higher for the put‐call‐parity method, as 
shown in the last row of each panel. In addition to the case of gold ETF discussed earlier, the mean 
volatility difference of 2.31 percentage points for the crude oil ETF is also much higher than the 0.49 
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percentage points for the binomial tree (and also for the BAW method). To summarize, all the three 
methods are able to adjust for the early exercise risk premium. Nevertheless, the put‐call parity approach 
is different from the other two methods at longer maturities up to 540 days. 
The consistently larger for the put‐call parity method suggests that in the setting of model‐free 
volatility, the early exercise premium accounted for is larger than what the two commonly used methods 
have yielded. This result is qualitatively consistent with the findings in Zivney (1991). Consequently, the 
model‐free volatility calculated after the early exercise premium adjustment tends to be smaller than that 
using the other two adjustment methods.  
 
4.2 Model‐Free Variance and Variance Swap 
Variance swaps are liquid across major equity indexes and large cap stocks, and are becoming 
increasingly popular across emerging market indexes and other asset classes (see Allen, Einchcomb, & 
Granger, 2006 and also Carr & Wu, 2009). The most liquid variance swaps are on stock indexes with 
maturities ranging approximately from 3 months to 2 years. Ample liquidity is also observed at the front 
end (e.g., 3 months) for short‐dated index variance. In this contract, the model‐free variance is the 
variance swap rate for the fixed leg, which constitutes a direct application of the model‐free variance.  
The variance swap on the S&P 500 index is traded over the counter (OTC). Market quotes of index 
variance swaps are obtainable from broker‐dealers. Recent papers that utilize broker‐dealers’ variance 
swap quotes include Aït‐Sahalia, Karaman, and Mancini (2013) and Egloff, Leippold, and Wu (2010). 
The volatility index of a commodity ETF can be thought of as a synthetic but useful benchmark for 
pricing a commodity variance swap, in much the same way that VIX is synthetic yet employed as a 
reference rate to price an S&P 500 index variance swap.  
More specifically, the model‐free variance is the risk‐neutral expectation of future variance integrated 
over an infinitesimal time interval dt, from today  to expiration time . Expressed 
mathematically, it is  
     (5) 
Under the risk‐neutral measure, the model‐free variance is the variance swap rate.  
The floating leg of the m‐day variance swap is computed using the spot prices from calendar day 0 up to 
calendar day m when the variance swap matures. Let be the number of trading days in these two 
calendar dates. Denoting the end‐of‐day ETF price by , the annualized realized variance is defined as 
the average of the squared logarithmic returns:  
     (6) 
Here, the subscript k in the daily ETF price refers to the number of trading days from today, and 252 is 
the conventional constant to annualize the realized variance. Equation 6 is the definition used in practice 
for variance swap transactions (see Allen, Einchcomb, & Granger, 2006).  
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As can be seen from Figure 2, the variance or volatility itself is also stochastic. Therefore, investors are 
exposed to two sources of market risk, namely, the risk about the return as captured by the return variance 
(volatility), and the risk about the return variance itself (volatility of volatility). In this context, variance 
swaps offer a straightforward means to manage the uncertainty in volatility of an underlying asset. 
Moreover, investors can use variance swaps to take a direct volatility exposure without the cost and 
complexity of managing and hedging a basket of vanilla options.  
Let G denote the cash flow that a variance swap buyer receives at maturity T, i.e.,  
 
Buyer pays the fixed rate agreed upon at time 0 and receives the floating V, which is the realized variance 
defined in Equation 6 (See, e.g., Bekaert & Hoerova, 2014). At time 0, the underlying asset price for 
is unknown. By time T, all the asset prices are observed, and V can be computed. It follows that 
there is no ambiguity in determining the profit and loss.  
The variance swap buyer pays the variance swap rate known at time 0 to hedge or insure against a rise in 
volatility from time 0 to time T. If the P&L is negative most of the time so that G is on average negative 
for the variance swap buyer, it can be said that the buyer pays a premium to insure against the variance 
risk.  
Suppose a hypothetical variance swap deal is done each day in our sample period for every commodity 
ETF. The notional amount is set at $ 100. In Table IV, we present the statistics for G, which is the P&L of 
the variance swap buyer. To examine its statistical significance, a t statistic is computed with the Newey 
and West (1994) adjustment for serial correlations for each commodity ETF. We further apply the 
recommendation in Newey and West (1994) to select the number of lags with the Bartlett kernel. Based 
on the Newey–West t statistics at the 5% significance level, we infer that G, in general, is negative and 
statistically significant. These t test results constitute resounding evidence of variance risk premiums for 
our commodity ETFs.3 
Table IV also compares the three different adjustment methods against the benchmark, which is the 
model‐free variance computed without adjustment (None) for early exercise premiums. In the previous 
subsection, we have shown that with the put‐call parity (PCP) adjustment method, evidence is compelling 
that the early exercise premium is larger than previously thought when either the binomial tree pricing 
model (BT) or the Barone‐Adesi and Whaley approximation (BAW) is used as the adjustment method. It 
follows that the P&L for the PCP method of a long position in the variance swap should be less negative, 
since the resulting variance swap rate, i.e., model‐free variance, is comparatively smaller. Indeed, the 
results tabulated in Table IV are consistent in that, with a few exceptions, the average P&L for the PCP 
method is comparatively smaller in magnitude.  
 
 
  
                                                            
3 There are a few exceptions: gold ETF for 30- up to 90-day constant maturities and crude oil for 90- up to 330-day 
constant maturities when put-call parity method is applied to adjust for early exercise premiums. The Newey–West 
t statistics for these cases are not statistically significant. 
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Table IV. P&L in Dollars from Longing Variance Swaps Daily  
T EEP 
 
std 
  
NW t stat  
     
Panel A: Gold ETF (GLD) 
 None 0.11 5.89 1.36 7.45 0.15 −16.40 −2.17 −1.15 0.36 20.67 
 BT 0.18 5.88 1.36 7.47 0.24 −16.39 −2.06 −1.09 0.40 20.82 
30            
 BAW 0.18 5.88 1.36 7.47 0.24 −16.39 −2.06 −1.08 0.40 20.82 
 PCP 0.48 5.80 1.52 7.41 0.65 −15.22 −1.89 −0.91 0.60 20.93 
 None −0.94 6.25 0.61 3.99 −1.38 −14.30 −3.56 −1.76 0.53 15.67 
 BT −0.87 6.24 0.61 4.02 −1.29 −14.21 −3.47 −1.72 0.57 15.76 
90            
 BAW −0.88 6.25 0.61 4.01 −1.29 −14.24 −3.47 −1.72 0.57 15.76 
 PCP −0.57 6.23 0.68 3.98 −0.83 −13.49 −3.12 −1.52 1.18 16.05 
 None −1.74 5.54 0.58 3.46 −3.03 −13.26 −4.31 −2.87 0.35 10.84 
 BT −1.69 5.54 0.58 3.48 −2.95 −13.21 −4.15 −2.83 0.43 10.87 
150            
 BAW −1.69 5.54 0.58 3.48 −2.95 −13.21 −4.15 −2.83 0.43 10.87 
 PCP −1.42 5.53 0.66 3.50 −2.48 −12.94 −3.85 −2.64 0.74 11.25 
 None −3.16 4.99 0.27 3.52 −6.82 −14.22 −5.18 −3.64 −1.45 8.64 
 BT −3.10 4.99 0.27 3.55 −6.70 −14.18 −5.14 −3.55 −1.44 8.70 
210            
 BAW −3.10 4.99 0.27 3.55 −6.69 −14.18 −5.13 −3.55 −1.44 8.70 
 PCP −2.84 4.96 0.36 3.60 −6.16 −13.61 −4.78 −3.38 −1.20 9.07 
 None −3.65 4.63 −0.14 3.72 −8.90 −15.38 −5.65 −3.90 −1.46 6.98 
 BT −3.57 4.61 −0.14 3.75 −8.72 −15.36 −5.60 −3.77 −1.39 7.07 
270            
 BAW −3.57 4.61 −0.14 3.75 −8.72 −15.35 −5.60 −3.77 −1.38 7.08 
 PCP −3.30 4.57 −0.01 3.72 −8.15 −14.10 −5.32 −3.56 −1.11 7.69 
 None −3.96 4.26 −0.49 3.93 −10.85 −15.32 −5.69 −3.79 −1.75 5.35 
 BT −3.87 4.22 −0.47 3.97 −10.70 −15.15 −5.62 −3.71 −1.70 5.46 
330            
 BAW −3.87 4.22 −0.47 3.97 −10.69 −15.13 −5.61 −3.71 −1.70 5.47 
 PCP −3.61 4.16 −0.32 3.87 −10.13 −14.20 −5.39 −3.53 −1.50 6.08 
 None −4.40 4.06 −0.53 3.66 −12.37 −15.32 −6.42 −4.25 −2.09 4.16 
 BT −4.31 4.02 −0.51 3.69 −12.23 −15.19 −6.40 −4.06 −2.07 4.28 
390            
 BAW −4.30 4.02 −0.51 3.69 −12.22 −15.17 −6.40 −4.05 −2.07 4.30 
 PCP −4.03 3.98 −0.41 3.66 −11.58 −14.19 −6.09 −3.91 −1.92 4.92 
 None −4.66 3.95 −0.58 3.40 −13.00 −15.49 −6.88 −4.11 −1.90 3.10 
 BT −4.57 3.92 −0.57 3.43 −12.87 −15.38 −6.76 −4.07 −1.87 3.23 
450            
 BAW −4.56 3.92 −0.57 3.43 −12.86 −15.35 −6.76 −4.07 −1.87 3.25 
 PCP −4.29 3.88 −0.49 3.43 −12.20 −14.30 −6.47 −3.89 −1.76 3.92 
 None −4.89 3.98 −0.65 3.21 −12.34 −15.51 −6.90 −4.25 −1.85 3.12 
 BT −4.80 3.95 −0.64 3.26 −12.20 −15.37 −6.83 −4.13 −1.84 3.25 
510            
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T EEP 
 
std 
  
NW t stat  
     
 BAW −4.79 3.94 −0.64 3.25 −12.19 −15.34 −6.82 −4.12 −1.84 3.26 
 PCP −4.53 3.94 −0.57 3.23 −11.53 −14.52 −6.52 −3.99 −1.59 3.75 
Panel B: Silver ETF (SLV) 
 None −4.83 10.93 1.12 8.02 −5.07 −31.77 −9.23 −5.35 −1.86 36.19 
 BT −2.97 10.16 1.37 9.25 −3.38 −29.45 −7.45 −4.00 −0.65 36.78 
30            
 BAW −2.97 10.16 1.37 9.25 −3.38 −29.45 −7.45 −3.99 −0.65 36.78 
 PCP −3.08 10.20 1.50 9.49 −3.50 −27.00 −7.58 −4.16 −0.61 37.96 
 None −5.50 9.23 0.41 3.30 −6.89 −25.15 −10.02 −6.79 −1.39 17.30 
 BT −4.02 8.51 0.57 3.48 −5.47 −21.49 −8.61 −5.50 0.16 17.58 
90            
 BAW −4.02 8.51 0.57 3.48 −5.47 −21.50 −8.61 −5.51 0.16 17.59 
 PCP −3.60 8.51 0.71 3.55 −4.90 −20.84 −8.03 −5.18 0.01 18.75 
 None −6.56 7.96 0.46 3.00 −9.05 −22.81 −10.76 −7.76 −2.85 11.76 
 BT −5.65 7.62 0.52 3.00 −8.14 −20.93 −10.11 −6.88 −2.11 11.98 
150            
 BAW −5.65 7.62 0.52 3.00 −8.14 −20.93 −10.11 −6.88 −2.11 11.98 
 PCP −5.10 7.51 0.67 3.16 −7.47 −19.33 −9.18 −6.46 −2.23 13.49 
 None −7.01 7.30 0.46 5.92 −10.20 −20.71 −11.17 −7.76 −3.88 14.37 
 BT −6.44 7.20 0.39 6.01 −9.48 −20.49 −10.58 −7.16 −3.20 14.56 
210            
 BAW −6.44 7.21 0.38 6.06 −9.48 −20.48 −10.58 −7.15 −3.20 14.56 
 PCP −5.76 6.81 1.00 4.70 −8.84 −18.61 −9.58 −6.60 −3.05 15.60 
 None −7.15 6.48 0.43 3.45 −11.26 −19.61 −10.98 −7.80 −3.92 11.39 
 BT −6.71 6.53 0.38 3.40 −10.47 −19.60 −10.74 −7.19 −3.39 11.85 
270            
 BAW −6.71 6.53 0.38 3.40 −10.47 −19.59 −10.75 −7.18 −3.38 11.85 
 PCP −5.98 6.16 0.58 3.77 −9.91 −18.30 −9.67 −6.62 −3.02 12.47 
 None −6.48 6.40 0.38 3.11 −9.79 −19.18 −9.87 −7.45 −3.23 9.69 
 BT −6.07 6.48 0.33 3.11 −9.04 −19.16 −9.13 −7.04 −2.74 10.12 
330            
 BAW −6.07 6.48 0.33 3.11 −9.04 −19.15 −9.13 −7.04 −2.74 10.12 
 PCP −5.25 5.95 0.55 3.51 −8.55 −17.76 −8.52 −6.39 −2.05 10.90 
 None −6.01 7.11 0.25 2.55 −8.47 −19.49 −9.75 −7.22 −1.18 8.48 
 BT −5.61 7.17 0.22 2.61 −7.82 −19.46 −8.61 −6.92 −0.66 8.95 
390            
 BAW −5.60 7.17 0.22 2.62 −7.82 −19.45 −8.61 −6.92 −0.66 8.95 
 PCP −4.72 6.56 0.41 2.76 −7.24 −17.75 −8.62 −5.64 −0.11 10.47 
 None −5.07 7.46 0.03 2.13 −6.60 −19.54 −8.97 −6.70 1.85 7.47 
 BT −4.68 7.50 0.01 2.21 −6.05 −19.49 −8.45 −6.45 2.02 8.28 
450            
 BAW −4.68 7.50 0.01 2.21 −6.05 −19.50 −8.46 −6.44 2.03 8.28 
 PCP −3.80 6.86 0.11 2.18 −5.40 −17.45 −7.83 −5.18 1.98 9.12 
 None −4.03 7.37 −0.09 1.83 −5.15 −18.16 −8.71 −5.72 4.14 6.82 
 BT −3.70 7.37 −0.11 1.88 −4.72 −18.08 −8.17 −5.43 4.31 7.08 
510            
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T EEP 
 
std 
  
NW t stat  
     
 BAW −3.70 7.37 −0.11 1.88 −4.71 −18.07 −8.17 −5.42 4.32 7.09 
 PCP −2.78 6.86 −0.09 1.90 −3.84 −16.42 −7.40 −4.21 4.57 8.28 
Panel C: Natural Gas ETF (UNG) 
 None −4.10 9.42 0.42 5.36 −4.81 −28.83 −8.96 −4.03 −0.87 24.42 
 BT −1.80 9.10 0.87 5.52 −2.19 −22.74 −6.50 −2.27 0.86 26.59 
30            
 BAW −1.80 9.10 0.87 5.52 −2.19 −22.74 −6.51 −2.27 0.86 26.59 
 PCP −1.81 9.44 0.67 5.05 −2.12 −24.30 −6.40 −2.29 1.25 27.00 
 None −5.14 8.08 0.10 2.98 −8.50 −22.85 −11.14 −5.31 −0.19 13.00 
 BT −3.36 7.40 0.03 3.41 −6.03 −20.74 −7.98 −3.17 0.74 14.58 
90            
 BAW −3.36 7.40 0.03 3.41 −6.03 −20.74 −7.98 −3.17 0.73 14.58 
 PCP −2.89 7.68 0.18 2.60 −5.04 −18.38 −8.22 −3.16 1.78 13.72 
 None −4.24 7.43 0.04 2.37 −7.76 −19.74 −10.13 −4.59 1.80 10.09 
 BT −2.88 7.01 0.07 2.53 −5.57 −17.20 −8.19 −3.48 2.34 11.17 
150            
 BAW −2.88 7.01 0.07 2.53 −5.57 −17.21 −8.18 −3.48 2.34 11.17 
 PCP −2.28 7.09 0.19 2.11 −4.37 −15.95 −7.69 −3.16 3.87 11.86 
 None −4.84 7.57 0.53 2.99 −7.72 −18.78 −10.34 −6.42 −0.54 13.50 
 BT −3.50 7.35 0.52 3.07 −5.72 −17.45 −8.73 −4.71 1.16 15.07 
210            
 BAW −3.50 7.35 0.52 3.07 −5.71 −17.45 −8.73 −4.71 1.16 15.07 
 PCP −2.89 7.12 0.71 2.88 −4.91 −14.75 −7.83 −4.67 1.21 15.00 
 None −6.21 7.46 0.91 3.45 −8.66 −19.44 −11.22 −7.95 −3.44 12.46 
 BT −4.86 7.41 0.83 3.23 −6.79 −18.48 −9.78 −6.57 −1.49 13.31 
270            
 BAW −4.86 7.41 0.83 3.23 −6.79 −18.47 −9.78 −6.57 −1.49 13.31 
 PCP −4.22 6.87 0.99 3.42 −6.42 −15.23 −8.69 −6.14 −1.50 13.35 
 None −6.30 7.76 0.80 2.76 −8.20 −19.03 −11.62 −8.77 −1.35 10.82 
 BT −5.08 7.51 0.79 2.67 −6.81 −17.32 −10.26 −7.50 −0.28 11.14 
330            
 BAW −5.07 7.50 0.79 2.67 −6.81 −17.30 −10.26 −7.50 −0.28 11.14 
 PCP −4.42 7.00 0.92 2.85 −6.40 −14.94 −9.27 −6.90 −0.44 11.42 
 None −6.15 7.81 0.50 2.29 −7.71 −19.64 −11.56 −8.66 −0.77 9.31 
 BT −5.09 7.45 0.58 2.24 −6.67 −17.88 −10.62 −7.71 −0.22 9.62 
390            
 BAW −5.09 7.45 0.58 2.24 −6.67 −17.84 −10.61 −7.73 −0.22 9.63 
 PCP −4.53 6.97 0.69 2.33 −6.38 −15.50 −9.68 −6.80 −0.12 9.52 
 None −5.48 7.45 0.30 2.03 −7.49 −18.93 −11.36 −7.12 1.71 7.73 
 BT −4.67 7.14 0.34 1.95 −6.65 −17.82 −10.45 −6.75 2.35 8.04 
450            
 BAW −4.67 7.14 0.34 1.95 −6.65 −17.80 −10.45 −6.74 2.36 8.04 
 PCP −4.35 6.89 0.39 2.01 −6.46 −16.80 −9.69 −5.90 2.21 8.30 
 None −4.56 6.78 0.17 1.87 −6.47 −17.68 −9.90 −5.97 2.36 6.80 
 BT −3.99 6.59 0.15 1.87 −5.84 −17.52 −9.32 −5.01 2.74 6.95 
510            
20 
 
T EEP 
 
std 
  
NW t stat  
     
 BAW −3.98 6.58 0.15 1.87 −5.83 −17.48 −9.31 −5.00 2.75 6.96 
 PCP −3.96 6.61 0.16 1.93 −5.79 −17.12 −8.83 −5.40 2.63 7.33 
Panel D: Crude Oil ETF (USO) 
 None −3.80 7.25 0.49 7.00 −6.56 −22.93 −6.87 −4.36 −1.23 22.53 
 BT −3.24 6.99 0.67 7.03 −5.79 −21.58 −6.41 −3.93 −0.82 22.64 
30            
 BAW −3.24 6.99 0.67 7.03 −5.79 −21.58 −6.41 −3.93 −0.81 22.62 
 PCP −2.25 7.13 1.02 7.63 −3.91 −19.31 −5.44 −3.11 0.03 25.16 
 None −2.64 9.20 2.30 10.95 −3.80 −18.01 −7.26 −3.77 0.24 38.93 
 BT −2.37 9.12 2.35 11.17 −3.44 −17.04 −7.03 −3.33 0.33 39.02 
90            
 BAW −2.37 9.13 2.35 11.17 −3.44 −17.05 −7.03 −3.33 0.33 39.03 
 PCP −0.76 9.54 2.41 11.00 −1.06 −16.01 −5.94 −2.02 1.73 42.07 
 None −2.08 10.49 1.83 7.42 −2.51 −17.82 −8.11 −2.79 0.71 38.08 
 BT −1.87 10.43 1.86 7.54 −2.27 −16.80 −7.90 −2.65 0.81 38.15 
150            
 BAW −1.87 10.43 1.86 7.53 −2.27 −16.81 −7.90 −2.65 0.82 38.15 
 PCP −0.03 10.94 1.91 7.24 −0.03 −15.84 −6.57 −1.78 2.11 40.40 
 None −1.88 11.85 1.50 4.99 −2.00 −19.34 −8.93 −4.72 0.26 36.47 
 BT −1.68 11.79 1.52 5.04 −1.80 −18.65 −8.61 −4.44 0.40 36.60 
210            
 BAW −1.67 11.79 1.52 5.04 −1.79 −18.65 −8.61 −4.44 0.41 36.62 
 PCP 0.20 12.45 1.57 4.92 0.21 −17.41 −7.00 −2.99 1.22 39.08 
 None −2.42 11.54 1.53 4.50 −2.45 −17.30 −9.52 −5.44 −1.68 29.65 
 BT −2.20 11.51 1.54 4.51 −2.23 −16.47 −9.18 −5.18 −1.50 29.79 
270            
 BAW −2.19 11.51 1.54 4.51 −2.22 −16.44 −9.18 −5.18 −1.50 29.80 
 PCP −0.33 12.20 1.62 4.64 −0.32 −15.64 −7.02 −3.59 −0.30 32.73 
 None −3.21 9.69 1.53 5.01 −3.79 −16.87 −8.80 −5.09 −1.62 25.47 
 BT −3.00 9.68 1.55 5.04 −3.54 −16.51 −8.69 −4.96 −1.46 25.59 
330            
 BAW −2.99 9.69 1.55 5.05 −3.53 −16.49 −8.69 −4.97 −1.46 25.61 
 PCP −1.23 10.32 1.69 5.38 −1.37 −16.11 −6.82 −3.65 −0.35 29.50 
 None −3.64 8.93 1.22 4.39 −4.58 −18.21 −8.78 −4.34 −1.61 21.86 
 BT −3.42 8.92 1.25 4.45 −4.32 −17.98 −8.71 −4.14 −1.53 22.09 
390            
 BAW −3.41 8.92 1.26 4.46 −4.30 −17.95 −8.70 −4.14 −1.53 22.09 
 PCP −1.66 9.52 1.46 4.91 −1.96 −17.53 −6.93 −3.22 −0.47 25.64 
 None −4.14 8.43 0.82 3.87 −5.49 −19.65 −9.20 −3.98 −1.73 18.49 
 BT −3.94 8.41 0.86 3.95 −5.24 −19.39 −9.02 −3.83 −1.62 18.74 
450            
 BAW −3.92 8.42 0.87 3.96 −5.21 −19.35 −9.01 −3.82 −1.62 18.75 
 PCP −2.21 8.99 1.12 4.54 −2.75 −19.54 −7.01 −2.86 −0.54 23.02 
 None −4.74 7.99 0.38 3.51 −6.33 −21.77 −9.46 −4.32 −1.41 16.02 
 BT −4.54 7.95 0.43 3.61 −6.09 −21.32 −9.29 −4.18 −1.19 16.18 
510            
21 
 
T EEP 
 
std 
  
NW t stat  
     
 BAW −4.52 7.95 0.44 3.61 −6.06 −21.26 −9.26 −4.19 −1.20 16.21 
 PCP −2.83 8.49 0.75 4.36 −3.57 −21.72 −6.97 −3.13 −0.46 20.95 
Note. This table presents the summary statistics for the P&L in dollars from longing variance swaps of constant 
maturity T with $ 100 notional amount. The model‐free variances computed after treating the early exercise 
premiums (EEP) are used as the variance swap rates. For comparison, respective statistics for no EEP 
adjustment (None), adjustments by binomial tree (BT), Barone‐Adesi and Whaley (BAW) approximation, and 
the proposed put‐call parity (PCP) methods, are tabulated. The mean ( ), standard deviation (std), skewness (
), and kurtosis ( ) of the P&L (in $) are presented, along with the Newey–West (NW) t statistic and the 
percentile of P&L (in $).  
Turning to the 50‐th percentile (i.e., the median), we find that they are negative as well. Moreover, the 
median values are more negative than the average values. At the 75‐th percentile, the P&L starts to turn 
positive. In other words, approximately 75% of the time, the P&L is negative, which means that variance 
swap buyers stand to lose more often than gain. Taken together, our results are comparable to the 
empirical findings for equity market indexes such as VIX, where the option‐implied variance for stock 
indexes tends to be larger than the realized variance, suggesting that it is favorable to sellers of stock 
index variance swaps. As alluded to earlier, the persistence of a negative P&L for the variance swap 
buyer is interpreted as the variance risk premium that investors pay to hedge against the drastic 
fluctuation of volatility. 
 
5 CONCLUSIONS 
Applications of the model‐free method to construct volatility indexes from American options have 
hitherto been impeded by the lack of a model‐independent way to handle early exercise premiums. While 
the binomial tree model and the Barone‐Adesi and Whaley approximation are popular methods for the 
adjustment of early exercise premiums, it is difficult to consider the values obtained as truly model‐
independent. 
Furthermore, when integrating across the continuum of strikes to obtain the risk‐neutral variance, 
interpolation is typically performed in the Black–Scholes implied volatility space, without checking 
whether the no‐arbitrage conditions are satisfied. These two shortcomings inevitably introduce model 
dependence to the otherwise model‐free formulation. 
This paper fills the gap by formulating a totally model‐free framework to construct volatility indexes 
using the market quotes of American options on four important commodity ETFs. A salient feature of our 
proposed approach is the complete absence of model dependence. Early exercise premium is accounted 
for using only the put‐call parity, which is predicated solely on the principle of no risk‐free arbitrage. The 
caveat, however, is that the proposed method is only applicable to American options on non‐dividend 
paying assets. Another feature of our method is that interpolation across strike prices is performed directly 
in the option price space, with no‐arbitrage conditions incorporated into the cubic spline algorithm. 
Our empirical analysis suggests that the early exercise premiums estimated using either the binomial tree 
pricing model or the Barone‐Adesi and Whaley approximation tend to be relatively smaller than those 
estimated by the put‐call parity method. Accordingly, volatility indexes calculated after using the put‐call 
parity method to adjust for early exercise premiums are lower in comparison. Despite being lower, we 
still find strong empirical evidence of variance risk premiums. In other words, using model‐dependent 
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methods to adjust for early exercise premiums could potentially overestimate the magnitude of variance 
risk premiums. 
In summary, we have proposed a theoretically and computationally sound methodology to construct 
volatility indexes, with the distinctive feature of complete independence from any option pricing model, 
even in the interpolation of strike prices and the adjustment for early exercise premiums. Our research 
also provides evidence for the presence of variance risk premiums in four commodity ETFs that are 
important to fund managers. Finally, an upward bias is likely to be introduced by current numerical 
schemes widely used for extracting the early exercise premiums. This finding has important implications 
for traders and investors in the commodity market. 
 
APPENDIX 
An Interpolation Methodology 
The model‐free formula (Equation 2) requires the strike price X to span the full continuum of positive real 
numbers. In practice, the strike price of an option chain never extends from zero to infinity. For every 
maturity series, call options of strike prices larger than the highest strike price H and put options of strike 
prices smaller than the lowest strike price L of the option chain is effectively zero. Consequently, 
Equation 2 becomes  
     (A.1) 
Furthermore, in reality, X is discrete and the gap from one strike price to the next can be wide.  
These two issues have been, among others, specifically addressed by Lim and Ting (2013). They apply 
the spline technique directly on option prices to perform polynomial interpolation across the strike price 
intervals while enforcing the no‐arbitrage principle. In addition to being truly model‐free, another 
advantage of the price‐space approach is that one can directly incorporate the three no‐arbitrage 
conditions of option price monotonicity, bounded gradient, and convexity with respect to the strike price. 
These three conditions must be satisfied by the option price curves to prevent risk‐free arbitrage. Since 
the underlying stock price has zero probability to go beyond the minimum or maximum strike price of the 
option chain on any given trading day, which is satisfied ex post, the smooth splines generate synthetic 
options that fill the strike price gaps.  
Specifically, the strike price interval or gap is sliced into many sub‐intervals. The synthetic European 
option price over any small sub‐interval is represented locally as a cubic polynomial 
function:  
(A.2) 
Every cubic spline is defined by its coefficients  to . Notably, integration over each sub‐interval 
admits a closed‐form expression, which makes calculations of model‐free variance exact:  
  (A.3) 
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Representation of a smooth curve locally by a polynomial function is a foundation of numerical analysis. 
It is a nonlinear generalization of the linear interpolation.  
When the sub‐interval size is made as small as $ 0.01 for each sub‐interval k, the two integrals 
in Equation A.1 can be obtained by applying Equation A.3, which is an exact definite integral. In other 
words, the integration is performed exactly, as shown on the right‐hand side of Equation A.3. The 
required continuum of strike prices is obtained after piecing together all the sub‐intervals . More 
concretely, let , , and . With to and to being the spline coefficients for puts 
and calls, respectively, we compute the two integrals in Equation A.1 by adding up every sub‐interval. 
Accordingly, we obtain  
 
and  
 
With these formulas, we can compute the model‐free variance as accurately as possible by setting the sub‐
interval size as small as $ 0.01.  
The combination of the put‐call parity and the cubic spline methods, which are firmly grounded on the 
principle of no risk‐free arbitrage opportunity, is consistent with the truly model‐free approach of not 
using any option pricing models at all stages of computation, which is a big advantage. The simplicity and 
robustness of our proposed method also make it easier for practitioners to implement and adopt. 
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